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Abstract. A new approach to the model-independent description of quan¬ 
tum field theories will be introduced in the present work. The main feature 
of this new approach is to incorporate in a local sense the principle of gen¬ 
eral covariance of general relativity, thus giving rise to the concept of a locally 
covariant quantum field theory. Such locally covariant quantum field theories 
will be described mathematically in terms of covariant functors between the 
categories, on one side, of globally hyperbolic spacetimes with isometric embed¬ 
dings as morphisms and, on the other side, of *-algebras with unital injective 
*-endomorphisms as morphisms. Moreover, locally covariant quantum fields 
can be described in this framework as natural transformations between certain 
functors. The usual Haag-Kastler framework of nets of operator-algebras over 
a fixed spacetime background-manifold, together with covariant automorphic 
actions of the isometry-group of the background spacetime, can be re-gained 
from this new approach as a special case. Examples of this new approach are 
also outlined. In case that a locally covariant quantum field theory obeys the 
time-slice axiom, one can naturally associate to it certain automorphic actions, 
called “relative Cauchy-evolutions”, which describe the dynamical reaction of 
the quantum field theory to a local change of spacetime background metrics. 
The functional derivative of a relative Cauchy-evolution with respect to the 
spacetime metric is found to be a divergence-free quantity which has, as will be 
demonstrated in an example, the significance of an energy-momentum tensor 
for the locally covariant quantum field theory. Furthermore, we discuss the 
functorial properties of state spaces of locally covariant quantum field theories 
that entail the validity of the principle of local definiteness. 


1. Introduction 

Quantum field theory incorporates two main principles into quantum physics, 
locality and covariance. Locality expresses the idea that quantum processes can be 
localized in space and time [and, at the level of observable quantities, that causally 
separated processes are exempt from any uncertainty relations restricting their 
commensurability]. The principle of Poincare-covariance within special relativity 
states that there are no preferred Lorentzian coordinates for the description of 
physical processes, and thereby the concept of an absolute space as an arena for 
physical phenomena is abandoned. Yet it is still meaningful to speak of events in 
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terms of spacetime points as entities of a given, fixed spacetime background in the 
setting of special relativistic physics. 

In general relativity, however, spacetime points lose this a priori meaning. The 
principle of general covariance forces one to regard spacetime points simultaneously 
as members of several, locally diffeomorphic spacetimes. It is rather the relations 
between distinguished events that have a physical interpretation. 

This principle should also be observed when quantum field theory in the pres¬ 
ence of gravitational fields is discussed. A first approximation to such situations 
is to consider quantum fields on a given, curved Lorentzian background spacetime 
where the sources of the gravitational curvature are described classically and inde¬ 
pendently of the dynamics of the quantum fields in that background. Due to the 
weakness of gravitational interactions compared to elementary particle interactions, 
this is expected to be a reasonable approximation which nevertheless has a range 
of applicability where nontrivial phenomena occur, like particle creation in strong, 
or rapidly varying, gravitational fields. The most prominent effects of that sort are 
the Hawking effect and the Fulling-Unruh effect |j^, 

For quantum field theory on Minkowski spacetime, one demands that quan¬ 
tum fields behave covariantly under Poincare-transformations, and there are dis¬ 
tinguished states, like the vacuum state, or (multi-) particle states tied to the 
Wigner-type particle concept. Such states are natural reference states which allow 
it to fix physical quantities in comparison with experiments. In contradistinction to 
this familiar case, a generic spacetime manifold need not possess any (non-trivial) 
spacetime symmetries (isometries), and thus there is in general no restrictive con¬ 
cept of covariance for quantum fields propagating on an arbitrary, but fixed curved 
background spacetime. (A similar problem arises already for quantum fields in 
flat spacetime coupled to outer classical fields, and most of what follows applies, 
mutatis mutandis, also to this case.) 

This lack of covariance is a source of serious ambiguities in quantum field theory 
on curved spacetime, such as the lack of a natural candidate of a vacuum state or 
a Wigner-type particle concept. In turn, this leads to ambiguities in the concrete 
determination of physical quantities. This problem was observed some time ago by 
Wald in his discussion of a renormalization prescription for defining the energy- 
momentum tensor of a quantized field on a curved spacetime M with metric tensor 
9 = g^lv■ For a classical massless Klein-Gordon field (^, the canonical energy- 
momentum tensor is at a; G M 



where V denotes the metric-covariant derivative. For a quantum field pointwise 
products are ill-defined, and therefore one starts from the point-split expression 



where g^^{x,y) is the bitensor obtained from by parallel transport along the 
geodesic from x to y. Since we are eventually interested in the coincidence limit 
y ^ X we may consider the points as near as needed to get a unique geodesic, hence 
we do not have any problem of choices. 

The idea is now to subtract from T^^{x, y) a suitable scalar distribution t^^{x, y) 
such that the renormalized energy-momentum tensor 


= lim {Tf,^{x,y) -t^^{x,y)) 

^ y^x 


may be defined by a well-determined coincidence limit y ^ x. Inspired by the 
similar situation in Minkowski spacetime, a first approach of going about this may 
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be taken as follows: Choose a quasi-free Hadamard state oj as “reference state”, 
and let 

Then exists as a well defined operator valued distribution in all represen¬ 

tations induced by arbitrary (other) Hadamard states [Q. The problem of this 
definition is the non-uniqueness of the chosen reference state: on a generic curved 
spacetime, there are plenty of quasifree Hadamard states, and none of them is 
distinguished in the way the vacuum state is on Minkowski spacetime owing to 
the circumstance that a generic curved spacetime need not admit non-trivial (con¬ 
formal) isometries. Therefore, choosing different reference states, one gets quite 
arbitrary modifications of in the form of added symmetric numerical ten¬ 

sors; hence, little can be said in this approach, for instance, about the back reaction 
of quantum matter on the gravitational field. 

In order to restrict this ambiguity, Wald imposed as a further requirement a 
principle of locality and covariance which states that the energy-momentum tensor 
should only locally depend on the spacetime metric; we will outline this condition 
further below. Starting from this principle he gave a definition of the subtraction 
term which depends only on the local metric. By this method he found a 
covariantly conserved energy momentum tensor, and, as a byproduct, the conformal 
anomaly showed up, namely, in the case of the conformally covariant Klein-Gordon 
field it is not possible to find a such that the resulting energy-momentum tensor 
is both conserved and traceless. The ambiguity in the definition of the renormalized 
energy-momentum tensor is now reduced to a local curvature term . 

A similar problem occurred in the definition of Wick-polynomials and of renor¬ 
malized perturbation theory on Lorentzian manifolds. For instance, the definition 
of the Wick square :ui (x) given in [Q also takes the form of a coincidence limit 

■■(P^:uj(x) = lim ((p(x)<p(y) - u;(ip(x)<f(y))) , 

V^x 

where lo is some fixed reference state (again being a quasifree Hadamard state; the 
limit procedure has to be properly defined, see, e.g. Q). Again due to the non¬ 
unique choice of a reference state, it turns out that chosing instead of w a different 
reference state lo' results in : (x) to : ip'^ :uj {x) + f{x) with some smooth function 

/. This ambiguity would actually not be very serious at the level of a description of 
a quantum field theory in terms of operator algebras, but it enters into the definition 
of time-ordered products of Wick-polynomials from which, in turn, local ^-matrix 
functionals are derived in the sense of perturbation theory whose matrix elements 
may be compared with physical processes modelled by interacting fields on curved 
spacetime |Q. Furthermore, a more serious ambiguity enters in the course of the 
process of infinite renormalization of ultraviolet divergencies in defining the time- 
ordered product of Wick-polynomials. There remains a freedom that corresponds to 
adding certain products of differential operators contracted with Wick-polynomials 
to the Lagrangean. While one can show that the perturbative classification of 
interacting scalar field theories on curved spacetimes is independent of that free¬ 
dom, the predictive power of the local S'-matrix thus obtained is somewhat limited 
because the “renormalization constants” now are, in fact, functions depending on 
the spacetime points. Therefore, it seems most desirable to invoke a suitable local¬ 
ity and covariance principle so as to reduce that ambiguity affecting the S'-matrix 
in a similar way as was done by Wald for the case of the energy-momentum tensor. 
And, in fact, in recent work by Hollands and Wald [^, this task has been attacked 
successfully. We should like to point out that related ideas concerning the renor¬ 
malization of physical quantities for quantum fields in flat spacetime coupled to 
outer electromagnetic fields have been proposed earlier by Dosch and Muller jl^. 
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Let US now briefly look at the locality and covariance condition imposed by Wald 
in order to reduce the ambiguity of the renormalized energy-momentum tensor 
of the free, massless scalar field. The condition may be formulated as follows. 
Suppose that one has a prescription for obtaining T^™{x) on any curved spacetime. 
Then such a prescription is local and covariant if the following holds: Whenever one 
has two spacetimes M and M' equipped with metrics g and g', respectively, and 
for some (arbitrary) open subset U of M an isometric diffeomorphism k : U ^ U' 
onto an open subset U' of M' (so that = g'), then it is required that 

where a). : Am'{U') Am{U) is the canonical isomorphism between the local 
CCR-algebras Am'{U') of the Klein-Gordon field on M' and Am{U) of the Klein- 
Gordon field on M (cf. ^), and T™ is the renormalized energy momentum 
tensor according to the renormalization prescription on M, and that on M' 

according to the same prescription. In other words, the condition demands that 
= T')f" up to a canonical algebraic isomorphism (strictly speaking, this is 
only valid at the level of expectation values in Hadamard states). 

Two things should be noted. First, the neighbourhood U was arbitrary, and 
therefore the information entering into the above condition is local (in the sense of 
being independent of what happens in the surroundings of 17 or 17'). Secondly, the 
condition makes considerable use of the fact that the quantum theory of the free 
scalar field can be formulated on every (globally hyperbolic) spacetime and that 
there is a canonical way of identifying the corresponding quantum field theories 
on isometrically diffeomorphic subregions of globally different spacetimes by an 
algebraic isomorphism a'^. Quantum field theories of that kind respect the dictum 
of general relativity to regard events (quantum processes) simultaneously as taking 
place in several, locally isomorphic spacetimes. 

The further formalization of this property is the main purpose of the present 
article. The most general and most efficient mathematical framework for such a 
discussion is provided by the operator-algebraic approach to quantum field theory 
which was initiated by Haag and Kastler for quantum field theory on Minkowski 
spacetime, see also the monographs |^. In Section ^ we will define a local, gen¬ 
erally covariant quantum field theory as a covariant functor between the category of 
globally hyperbolic (four-dimensional) spacetime manifolds with isometric embed¬ 
dings as morphisms and the category of C'*-algebras with invertible endomorphisms 
as morphisms. This generalizes similar approaches, such as the notion of a local, 
covariant quantum field recently used in and is very similar to the concept 
of a covariant field theory over the class of globally hyperbolic manifolds defined 
in iQ. The latter is a generalization of ideas in ||ll| where also the setting of 
categories and functors was used. Our approach seems to have the advantage of 
generalizing in a natural manner at the same time all these mentioned concepts as 
well as related ideas on generally covariant quantum field theories which appear 
e.g. in the famous “Missed opportunities” collection by Dyson |Q, or in the works 
1^, 1^, 1^. We will indicate that the theory of a free, scalar Klein-Gordon field 
on globally hyperbolic spacetimes is an example for our functorial description of a 
quantum field theory. Moreover, it will turn out that the more common concept 
of a quantum field theory on a fixed spacetime background described in terms of 
an isotonous map from bounded open subregions to C*-algebras which is covariant 
when the spacetime possesses isometries (as in the original Haag-Kastler approach 
on Minkowski-spacetime, as will be indicated below) is actually a consequence of 
our functorial description. 

Section 3 is devoted to a study of the functorial properties of state spaces for 
locally covariant quantum field theories. A state space will be introduced as a 
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contravariant functor between the category of globally hyperbolic spacetimes and 
the category of dual spaces of C'*-algebras, with duals of C'*-algebraic embeddings 
as morphisms. State spaces will be characterized which have the property that their 
“local folia” are left invariant under the functorial action of isometric embeddings 
of spacetime manifolds. These will be seen to obey the principle of local definiteness 
proposed by Haag, Narnhofer and Stein [^. We will indicate that the quasifree 
states of the Klein-Gordon field which fulfill the microlocal spectrum condition 


or equivalently, the Hadamard condition |32, induce such a state space. 


In Section 4 we will demonstrate that for locally covariant quantum field theories 
obeying the time-slice axiom one can associate a dynamics in the form of automor- 
phic actions, referred to as “relative Cauchy-evolution”, which describe the reaction 
of the quantum field theory on local perturbations of the spacetime metric. We will 
show that the functional derivative of such relative Cauchy-evolutions with respect 
to the spacetime-metric is divergence-free. This functional derivative has, in anal¬ 
ogy to the case of classical field theory, the significance of an energy-momentum 
tensor, and in fact we will also show that for the free Klein-Gordon field the func¬ 
tional derivative of the relative Gauchy-evolution agrees with the commutator action 
of the energy momentum tensor in representations of quasifree Hadamard states. 

Finally, in Section 5, as an alternative to the approach by Hollands and Wald 
, we will point out that the construction of local, covariant Wick-polynomials 
of the free field arises as solution of a simple cohomological problem. 

Some technical details appear in an Appendix. 


2. The Generally Covariant Locality Principle 

2.1. Some Geometrical Preliminaries. 

In the following, we will be concerned with four-dimensional, globally hyperbolic 
spacetimes, so it is in order to summarize some of their basic properties. For further 
discussion, see e.g. We note that the condition of global hyperbolicity 

doesn’t appear to be very restrictive on physical grounds. Its main purpose is to 
rule out certain causal pathologies. 

We denote a spacetime by (M, g) where M is a smooth, four-dimensional mani¬ 
fold (smooth meaning here C°°, and Hausdorff, paracompact, and connected) and 
g is a Lorentzian metric on M (taken to be of signature (-1-1, —1, —1, —1)). Also, we 
always assume that the spacetimes we consider are orientable and time-orientable. 
The latter means that there exists a C'°°-vectorfield u on M which is everywhere 
timelike, i.e. g{u,u) > 0. A smooth curve 7 : / —> M, I being a connected subset 
of R, is called causal if g{j, 7 ) > 0 where 7 denotes the tangent vector of 7 . Given 
the global timelike vectorfield u on M, one calls a causal curve 7 future-directed 
if g{u,'y) > 0 all along 7 , and analogously one calls 7 past-directed if g{u,j) < 0. 
This induces a globally consistent notion of time-direction in the spacetime (M, g). 
For any point x € M, J^{x) denotes the set of all points in M which can be 
connected to a: by a future(-|-)/past(—)-directed causal curve 7 : / ^ M so that 
X = 7 (inf I). Two subsets Oi and O 2 in M are called causally separated if they 
cannot be connected by a causal curve, i.e. if for all a: S Oi, J^{x) has empty 
intersection with O 2 . By we denote the causal complement of O, i.e. the largest 
open set in M which is causally separated from O. 

An orientable and time-orientable spacetime (M, g) is called globally hyperbolic 
if for each pair of points x,y G M the set J~{y) H J~^{x) is compact whenever it 
is non-empty. This property can be shown to be equivalent to the existence of a 
smooth foliation of M in Gauchy-surfaces, where a smooth hypersurface of M is 
called a Gauchy-surface if it is intersected exactly once by each inextendible causal 
curve in (M, g) (for precise definition of inextendible causal curve, see the indicated 
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references). A particular feature of globally hyperbolic spacetimes is the fact that 
the Cauchy-problem (inital value problem) for linear hyperbolic wave-equations is 
well-posed and that such wave-equations possess unique retarded and advanced 
fundamental solutions on those spacetimes. It should also be observed that global 
hyperbolicity makes no reference to spacetime isometries. 

Of some importance later on will be the concept of isometric embedding. Let 
(Ml, g^) and (M2, ^2) be two globally hyperbolic spacetimes. A map ip : Mi —> M2 
is called an isometric embedding (of (Mi, gi) into (M2, 02 )) if t/’ is a diffeomorphism 
onto its range ip{Mi) (i.e. the map •ijj : Mi '(p{Mi) C M2 is a diffeomorphism) 
and if ijj is an isometry, that is, = 92 \ tp{Mi). 


2.2. Quantum Field Theories as Covariant Functors. 

It is a famous saying attributed to E. Nelson that quantum field theory is a func¬ 
tor. This has to do with the map of second quantization, mapping the category 
of Hilbert-spaces with unitaries as morphisms to that of C*-algebras with unit¬ 
preserving *-homomorphisms as morphisms. In a similar light, topological quan¬ 
tum field theories have already at an early stage been couched in the framework of 
categories and functors |^. Here, we wish to put forward that quantum field theory 
is indeed a covariant functor, but in the more fundamental and physical sense of 
implementing the principles of locality and general covariance, as discussed in the 
Introduction. As already pointed out, our approach provides a natural general¬ 
ization both of the usual abstract formulation of quantum field theory in terms of 
isotonous families of operator algebras indexed by bounded open subregions of a 
fixed background spacetime, and of other approaches to diffeomorphism-covariant 
quantum field theory; we will discuss this further below. We first have to define 
the categories involved in our formulation of locally covariant quantum field theory. 
(See iQ as general reference on categories and functors.) The two categories we 
shall use are the following: 

OJlan: This category consists of a class of objects Obj(9Ilan) formed by all four¬ 
dimensional, globally hyperbolic spacetimes (M, g) which are oriented and 
time-oriented. Given any two such objects {Mi,gi) and {M2,92), the mor¬ 
phisms i/j € homsrr;an((Mi,g2), {M2,02)) are taken to be the isometric embed¬ 
dings '0 : {Mi,gi) (M2,g2) of (Mi,g^) into (M2,g2) as defined above, but 
with the additional constraints that 

{i) if 7 : [a,b] M2 is any causal curve and '){a),"f{b) G 0(Mi) then the 
whole curve must be in the image 0 (Mi), i.e., 7(1) G 0 (Mi) for all 
t G]a,6[; 

{ii) the isometric embedding preserves orientation and time-orientation of the 
embedded spacetime. 

The composition rule for any 0 G homsrr;an((Mi,g^), (M2,g2)) and 0 ' G 
homgjian{{M2,g2),{M3,g^)) is to define its composition 0' o 0 as the com¬ 
position of maps. Hence 0 ' o 0 : (Mi,g^) ^ {M^,g^) is a well-defined map 
which is obviously a diffeomorphism onto its range 0 '( 0 (Mi)) and clearly iso¬ 
metric; also the properties {i) and and {ii) are obviously fulfilled, and hence 
0 ' o 0 G homgrjton((Mi,g^), (Msjgg)). The associativity of the composition 
rule follows from the associativity of the composition of maps. Clearly, each 
hom^an{{M,g), {M,g)) possesses a unit element, given by the identical map 
idM '■ X ^ X, X ^ M. 

2 t[g: This is the category whose class of objects Obj( 2 l[g) is formed by all 
C*-algebras possessing unit elements, and the morphisms are faithful (in¬ 
jective) unit-preserving *-homomorphisms. Given a G homa[g(Ai,A2) and 
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o! G hom2ti0(^2,-A3), the composition a' o a is again defined as the composi¬ 
tion of maps and easily seen to be an element in hom2ii0(yii,The unit 
element in hom2Hg(^,yi) is for any A G Obj( 2 l[g) given by the identical map 
id_/^ I A I—^ A^ A G A. 

Remarks. (A) Requirement (i) on the morphisms of OJlan is introduced in order 
that the induced and intrinsic causal structures coincide for the embedded space- 
time ip{Mi) C M2. Aspects of this condition are discussed in [^. Condition {ii) 
might, in fact, be relaxed; the resulting structure, allowing also isometric embed¬ 
dings which reverse spatial- and time-orientation, could accomodate a discussion of 
PCT-theorems. We hope to report elsewhere on this topic. 

(B) Clearly, one may envisage variations on the categories introduced here. Our 
present choices might have to be changed or supplemented by other structures, de¬ 
pending on the situations considered. For example, instead of choosing for Obj(2l[0) 
the class of C'*-algebras with unit elements, one could consider ^-algebras, Borchers- 
algebras, or von Neumann algebras; we have chosen C'*-algebras for definiteness. 
Moreover, one could also allow more general objects than globally hyperbolic space- 
times in Obj( 97 lan), or endow these objects with additional structures, e.g. spin- 
structures, as in 1 ^, For discussing the locality and covariance structures of 
observables, however, the present approach appears sufficient. 

Now we wish to define the concept of locally covariant quantum field theory. 

2.1. Definition. 

(j) A locally covariant quantum field theory is a covariant functor 32/ be¬ 
tween the two categories Oilan and 2l[g, i.e., writing a.ip for in typical dia- 

gramatic form: 


iM,g) (M',g') 



^{M,g) ^{M',g') 


together with the covariance properties 

for all morphisms ip ^ hom(jr;an((Afi,g]^), (M2,g2))> morphisms ip' G 

homOTan((M2,92)5 (^3,93)) {M,g) G Obj( 97 lan). 

(ii) A locally covariant quantum field theory described by a covariant functor 
32/ is called causal if the following holds: Whenever there are morphisms ipj G 
h.om^an{{Mj,gj),{M,g)), j = 1 , 2 , so that the setsipi{Mi) andip2{M2) are causally 
separated in (M,g), then one has 

[a^i(32/(Mi,flri)),av,2(32/(M2,g2))] = {0} > 
where \A, 23] = {AB — BA : A G A, i? G 23} for any pair of C*-algebras A and IB. 

(Hi) We say that a locally covariant quantum field theory given by the functor sA 
obeys the time-slice axiom if 

a^{£/{M,g)) = £/{M',g') 

holds for all ip G homOTon((M,g), (M',g')) such that ip{M) contains a Cauchy- 
surface for {M',g'). 

Thus, a locally covariant quantum field theory is an assignment of C'*-algebras to 
(all) globally hyperbolic spacetimes so that the algebras are identifyable when the 
spacetimes are isometric, in the indicated way. Note that we use the term “local” 
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in the sense of “geometrically local” in the definition which shouldn’t be confused 
with the meaning of locality in the sense of Einstein causality. Causality properties 
are further specified in [ii) and [in) of Def. | 2 .l| . Causality means that the algebras 

and (j 2/(M2,92)) commute elementwise in the larger algebra 
£/{M,g) when the sub-regions and ' 4 ’ 2 {M 2 ) of M are causally separated 

(with respect to g). This property is expected to hold generally for observable 
quantities which can be localized in certain subregions of spacetimes. The time slice 
axiom (iii) (also called strong Einstein causality, or existence of a causal dynamical 
law, cf. Q ) says that an algebra of observables on a globally hyperbolic spacetime 
is already determined by the algebra of observables localized in any neighbourhood 
of a Cauchy-surface. 

Before continuing, some remarks on related approaches are in order now. In 
Dyson suggested that one should attempt to generalize the usual Haag-Kastler 
framework of a general description of quantum field theories on Minkowski space- 
time, as we have sketched it in the Introduction, to general spacetime manifolds 
in such a way that the covariance group is replaced by the diffeomorphism 
group. An approach which is very close in spirit to Dyson’s suggestion is due to 
Bannier who constructed, on as fixed background manifold, a generalized 
CCR-algebra of the Klein-Gordon field of fixed mass on which the diffeomorphism 
group acts covariantly by C*-automorphisms. Bannier’s approach may therefore 
be regarded as a realization of a functor with the above properties but where 
the domain-category IDIan is replaced by the subcategory 37lanR4 whose objects are 
the globally hyperbolic spacetimes (M, g) having M = as spacetime manifolds, 
and globally hyperbolic sub-spacetimes of those. However, it appears that the re¬ 
striction to a fixed background manifold like R^ is artificial, and at variance with 
the principles of general relativity. This is supported by the results in where 
an approach similar to the one presented here was taken, and which “localizes” 
Dimock’s formulation in 00 where a functorial approach to generally covariant 
quantum field theory seems to have been proposed for the first time. Like Bannier’s 
work, however, Dimock’s proposal lacks the “locality” aspect of general covariance 
and therefore doesn’t completely reveal its strength. It was shown in that the 
combination of general covariance and (geometrical) locality leads, together with a 
few other, natural requirements, to a spin-statistics theorem for quantum fields on 
curved spacetimes. 

2.3. The Klein-Gordon Field. 

The simplest and best studied example of a quantum field theory in curved space- 
time is the scalar Klein-Gordon field. As was shown by Dimock j^, its local 
C*-algebras can be constructed easily on each globally hyperbolic spacetime, giv¬ 
ing rise to a functor . To summarize this construction, let (M, g) be an object in 
Obj (OHan) . Global hyperbolicity entails the well-posedness of the Cauchy-problem 
for the scalar Klein-Gordon equation on {M,g), 

(1) + +^R)ip = 0 

(for smooth, real-valued ip) where V is the covariant derivative of g, to > 0 and 
^ > 0 are constants, and R is the scalar curvature of g. Moreover, it implies that 
there exist uniquely determined advanced and retarded fundamental solutions of 
the Klein-Gordon equation, : C'(f’(M,R) ^ C'°°(M,R). Their difference 

E = — E’'®* is called the causal propagator of the Klein-Gordon equation. Let 

us denote the range E{C^{M,R)) by IR (or, sometimes, by 3 i{M,g) for clarity). It 
can be shown (cf. [^) that defining 

a{Ef,Eh)= [ f{Eh)dgg, f,heCS°{M,R), 

J M 
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where dfj,g is the metric-induced volume form on M, endowes IR with a symplectic 
form, and thus (IR, a) is a symplectic space. To this symplectic space one can asso¬ 
ciate its Weyl-algebra 21J(1R, a), which is generated by a family of unitary elements 
bT((/3), S IR, satisfying the CCR in exponentiated form (“Weyl-relations”), 

W{^p)W{^p) = -b (p). 

Now, when the constants m and ^ are kept fixed independently of {M,g), the 
symplectic space (IR, a) is entirely determined by (M, g), and so is 2U(1R, a). Setting 
therefore £/(M,g) = W{Jl{M,g),a(^M,g))j one obtains a candidate for a covariant 
functor £/ with the properties of Def. 2.1. What remains to be checked is the 
covariance property. Thus, let ip S h.oin^an{{M,g),{M',g')) and let us denote 
by E, 01, a the propagator, range-space, and symplectic form corresponding to the 
Klein-Gordon equation (|^) on {M,g), and by E',0i',a' their counterparts with 
respect to [M',g'). Moreover, we denote by E^,0&,a'^ the analogous objects for 
the spacetime {ip{M), ip^g). It was shown in ||l^ that, writing ip^,ip = ipoip~'^, there 
holds E^ = iptf o E o ip^f~^, = iptfOl, and a{Ef,Eh) = {E'^ipt,f,E'^ip^,h) = 

a'^{iptfEf,iptfEh). Thus i/i* furnishes a symplectomorphism between (IR, tr) and 
(IR’^, cr'^), and hence, by a standard theorem Q, there is a C'*-algebraic isomorphism 
: S2n(lR, a) W{0Vl’,a^) so that 

( 2 ) a^{W{ip)) = W^{ip,{^)), ip&Oi 

where .) denote the CCR-generators of 21J(1R’^, cr’^). 

While these observations are already contained in Dimock’s work , we add 
another one which is important in the present context: Since ip : M ^ ip{M) C M' 
is a metric isometry, it holds that ip^g = g' \ ip{M). And hence the fact that 
the advanced and retarded fundamental solutions of the Klein-Gordon operator 
are uniquely determined on a globally hyperbolic spacetime implies that E'^ = 
Xi){M)E' \ C§°{ip{M),M.) where Xi/>(m) is the characteristic function of ip{M) and 
that, moreover, can be identified with £’'(C'q“('0 (M),R)) and with a' t IR’^. 
Therefore, the map which assigns to each element Ef, / G R), the 

element E'i^^f in (lR',cr'), is a symplectic map from (lR’^,cr’^) into (lR',cr'), and 
thus one obtains a C^-algebraic endomorphism : 21J(1R’^, u’^) ^ 21J(1R', a') by 

( 3 ) a,^{W^m = W'{T^p,), 

where W'{.) denote the Weyl-generators of 2U(1 R',ct'). Hence, setting o 

a^, we have a C'*-algebraic endomorphism : £/{M,g) £/{M',g'). The 

covariance property a^'oip = Q!^/ o for ip G homajton((Af, g), {M',g')) and ip' G 
homOTan((Af',g'), {M",g")) is an easy consequence of the construction of a,/,, i.e. 
of the relations (|^) and (||). It was also shown in that causality and time-slice 
axiom are fulfilled in each 2n(lR, u) in the following sense: (i) If /,/i G 
with supp/ C (supp/i)-*-, then W{Ef) and W{Eh) commute, (ii) if N is an open 
neighbourhood of a Gauchy-surface S in M, then there is for each / G R) 

some h G C^{N,'R) with W{Ef) = W{Eh). We collect these findings in the 
following 


2.2. Theorem. If one defines for each {M, g) G Obj(3Jtan) the C*-algebra £^{M,g) 
as the CCR-algebra W{0i{M, g), a(^M ,g)) of the Klein-Gordon equation (withm,f 
fixed for all {M,g)), and for each ip G homrmaniiM, g), (M', g')) the C*-algebraic 
endomorphism o : £/[M,g) £/{M',g') according to (|^) and (p|), 


then one obtains in this way a covariant functor with the properties of Def. 2.1 
Moreover, this functor is causal and fulfills the time-slice axiom. 


In this sense, the free Klein-Gordon field theory is a locally covariant quantum 
field theory. 
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2.4. Recovering Algebraic Quantum Field Theory. 


Now, we will address the issue of re-gaining the usual setting of algebraic quan¬ 
tum field theory on a fixed globally hyperbolic spacetime from a locally covariant 
quantum held theory, i.e. from a covariant functor si with the properties listed 
above. It may be helpful for readers not too familiar with the algebraic approach 
to quantum held theory on Minkowski spacetime that we briehy summarize the 
Haag-Kastler framework [ pl| so that it becomes apparent in which way the usual 
description of algebraic quantum held theory is re-gained via Prop. 2.3 from our 
functorial approach. In the Haag-Kastler framework, the basic structure of the for¬ 
mal description of a quantum system is given by a map O i—> A{0) assigning to each 
open, bounded region O a C*-algebra A(0). This “local C*-algebra” is supposed 
to contain all the (bounded) observables of the quantum system at hand that can 
be measured “at times and locations” within the spacetime region O; e.g., if the 
system is described by a hermitean scalar quantum held ^p(x), then A(0) may be 
taken as the operator-algebra generated by all exponentiated held operators 
where the test-functions / are supported in O, and the smeared held-operators are 
(p{f) = J d'^x f{x)(p{x). Hence, one has the condition of isotony, demanding that 
A{Oi) C A(P) whenever Oi C O. It is also assumed that the local algebras all 
contain a common unit element, denoted by 1. Moreover, as the local algebras 
contain observables, it is usually demanded that they commute elementwise when 
their respective localization regions are spacelike separated. 

The locality concept being thus formulated, the notion of special relativistic 
covariance is given the following form: Collecting all local observables in the min¬ 
imal C'*-algebra A containing all local algebras A(O),0 there ought to be for each 
element L G (i.e., the proper, orthochronous Poincare group) a C'*-algebra 
automorphism : A —> A so that 


ftii O Q:L2 = OiLioL2 I Li,L2 G 


-I- ’ 


where Li o L 2 denotes the composition of elements in 

Let {M,g) be an object in Obj(3JIan). We denote by %{M,g) the set of all 
subsets in M which are relatively compact and contain with each pair of points x 
and y also all g-causal curves in M connecting x and y (cf. condition (ii) in the 
definition of OHan). Given O G %{M,g), we denote by gp the Lorentzian metric 
restricted to O, so that {0,gQ) (with the induced orientation and time-orientation) 
is a member of Obj(3Ilan). Then the injection map lm,o '■ {0,go) {M,g), i.e. 

the identical map restricted to O, is an element in hom«i)tan((0, g^), {M,g)). With 
this notation, we obtain the following assertion. 


2.3. Proposition. Let £/ be a covariant functor with the properties stated in Def. 
2.1 , and define a map X{M,g) 9 O 1 -^ A(0) C £/{M,g) by setting 

A(0) := aM,o{^{0,go )), 


having abbreviated olm,o = cklm o ■ Then the following statements hold: 

(a) The map fulfills isotony, i.e. 

Oi C O 2 => A(Oi) C A(02) for all Oi, O 2 G %{M,g) . 

(b) If there exists a group G of isometric diffeomorphisms k : M ^ M (so that 
K*g — g) preserving orientation and time-orientation, then there is a repre¬ 
sentation G 3 K !—>■ Q-k of G by G*-algebra automorphisms '■ A ^ A (where 


^This minimal C*-algebra is, as a consequence of the isotony condition, well-defined and in the 
mathematical terminology called the inductive limit of the family {yi(0)} where O ranges over 
all bounded open subsets of Minkowski spacetime. 
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A denotes the minimal C*-algebra generated by {A{ 0 ) : O G 3 C{M, g)}) such 
that 

( 4 ) a^iAiO)) = AiniO)), OG%{M,g). 

(c) If the theory given by si is additionally causal, then it holds that 

[AiOi),AiO 2 )] = { 0 } 

for all Oi, O2 G 3 C(M, g) with Oi causally separated from O^- 

(d) Suppose that the theory si fulfills the time-slice axiom, and let Yi be a Cauchy- 
surface in (M, g) and let S C Y be open and connected. Then for each O G 
X{M,g) with O D S it holds that 

A{ 0 )z>A{S^^) 

where is the double causal complement of S, and ^ 1 ( 5 '-*--*-) is defined as 
the smallest C*-algebra formed by all A{Oi), Oi C Oi G X(M,g). 

Proof. (a). The proof of this statement is based on the covariance prop¬ 
erties of the functor si. To demonstrate that isotony holds, let Oi and O2 be 
in %{M,g) with Oi C O2. We denote by 1.2,1 ■ (Oi,goJ ^ {O2,go2) 
canonical embedding obtained by restricting the identity map on O2 to Oi, hence 
12,1 e homOT„n((Oi,goJ, (02,9(9J). With the notation = aM,i, etc., co- 

variance of the functor si implies om.i = o:m,2 ° 02,1 and therefore, 

yi(Oi) = aM,i{.si{Oi,goJ) = aM,2{a2,i{-Bi{Oi),goJ) 

C Q!M. 2 ("2^(02, 9 , 92 )) = .A(02) 

since 02,1 (-2^(017901)) ^ =2/(02,9(92) ^y the very properties of the functor si. 

(6). To prove the second part of the statement, let k : {M,g) {M,g) be a 

diffeomorphism preserving the metric as well as time-orientation and orientation. 
The functor assigns to it an automorphism : =2/ {M, g) ^ si{M, 9). Denoting by 
k the map O ^ k{ 0 ), x k{x), there is an associated morphism '■ si (O, go) 
si{n{ 0 ), g. Hence we obtain the following sequence of equations: 

a,,{A{0)) = aKoaM.o(=2/(0,9(9)) = 

^HOLM ,0 (=2/(0, 9 ( 9 )) 

= = aM.K(O) o as(=2/(0,9(9)) 

= q;m.«(o)(=2/(i«(0),9(,((9))) =A{k{ 0 )). 

Since A C si{M,g), it follows that defining q:„ as the restriction of «« to A 
yields an automorphism with the required properties. The group representation 
property is simply a consequence of the covariance properties of the functor yielding 
o aK2 = a^iOKa fo'' any pair of members ki,K2 G G together with (^ which 
allows us to conclude that o 5,^2 = dKiOKa- 

(c) . If Oi and O2 are causally separated members in X{M,g), then one can 

find a Cauchy-surface S in {M,g) and a pair of disjoint subsets si and S2 of S, 
both of which are connected and relatively compact, so that Oj C Sf-^, j = 1 , 2 . 
Now Sj--^ are causally separated members of X{M,g), and equipped with the 
appropriate restrictions of 9 as metrics, they are globally hyperbolic spacetimes in 
their own right, and naturally embedded into (M, 9). According to the causally 
assumption on si, it holds that A( 5 '^'^) = g±±{si{Sj--^), ga±±) are pairwise 

commuting subalgebras of si{M,g), and due to isotony, A{Oj) C A{Sj--^), so that 
[A{Oi),A{O 2 )] = { 0 }. 

(d) . Consider 5 '-*--*-, equipped with the appropriate restriction of 9, as a globally 

hyperbolic spacetime in its own right. Then S' is a Cauchy-surface for that space- 
time, and is an open neighbourhood of the Cauchy-surface S. Hence there 

is an open neighbourhood of S cointained in O C S-*"*- so that N, endowed with 
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the restricted metric, is again a globally hyperbolic spacetime. By the time-slice 
axiom, it follows that as±± j^{£/{N)) = S'where we have suppressed the 
metrics to ease notation. According to the functorial properties of £/ it follows that 

A{ 0 ) D A(N) = A{S^^). 


This completes the proof. 


□ 


Thus, one can clearly see that, in the light of Prop. | 2 . 3 | , the Haag-Kastler framework 
is a special consequence of our functorial approach. 


2.5. Quantum Fields as Natural Transformations. 

We have just seen how a quantum field theory is defined in terms of a covariant 
functor. There, an algebra is mapped via the endomorphism into another al¬ 
gebra, but a priori there are no distiguished elements of the algebras which are 
mapped onto each other by that transformation. It is however useful to look for 
such elements and it is actually what motivated the whole approach. Indeed, we 
shall look at the possibility to define locally covariant fields, and their importance 
rests on the possibility to construct fields which, in the light of our new principle of 
locality, depend only locally on the geometry. In a pair of interesting recent papers, 
Hollands and Wald ^ use this definition to construct Wick-polynomials and 
time-ordered products of free scalar fields as “local and covariant fields,” hence, 
as objects depending only locally on the metric. In Sec. || we shall present our 
own (but related) derivation of Wick polynomials of a free scalar field, by solving 
a problem of cohomological nature with a covariance constraint. 

In a certain sense our definition gives rise to a locally covariant generalization 
of the Carding-Wightman approach to fields as operator-valued distributions. We 
here do not insist at the beginning on having operators in a Hilbert space but, 
more abstractly, we consider them as distributions taking values in a topological 
*-algebra. 

The simplest definition may be given as follows: Consider a family <I> = {$(M.g)}; 
indexed by all spacetimes (M, g) € Obj(S[)Ian), of quantum fields defined as “gen¬ 
eralized algebra-valued distributions”. That means, there is a family {A{M,g)} of 
topological *-algebras indexed by all spacetimes in Obj( 3 Ilan), and for each space- 
time {M,g), ^(M,g) ■ C^{M) —> A{M,g) is a continuous map (not necessarily 
linear, this is why we refer to it as a “generalized” distribution). Consider in addi¬ 
tion any morphism ip S homOTon((Afi, g^^), (M2,g2)). Then we demand that there 
exists a continuous endomorphism : A{Mi,gfi) —> A{M2,g2) so that, 

ai/-(^(Mi,gi)(/)) = ®(M2,g2)(V'*(/)) 

where / G ( 7 “(Mi) is any test function and = f oip~^ as before. The family 

{$(Mg)} with these covariance conditions is called a locally covariant quantum 
field. This simple description has a beautiful functorial translation, as we shall 
next outline. 

We consider again the category 3 Jlan, and introduce the category TSllg consist¬ 
ing of topological *-algebras (with unit elements) as objects, and of continuous 
*-endomorphisms as morphisms (i.e., a G \ioin.<i2ii^{Ai,A2) is a morphism of TSllg 
if a : Ai —> A2 is a continuous, unit-preserving, injective *-morphism). In addition, 
we consider another category Test which is the category containing as objects all 
possible test-function spaces over 9 Kan, that is, the objects consist of all spaces 
Cpfi{M) of smooth, compactly supported test-functions on M, for {M,g) ranging 
over the objects of OTan, and the morphisms are all possible push-forwards ip^ of 
isometric embeddings ip : {Mi,gfi) (M2,g2). The action of any push-forward 
ipt. on an element of a test-function space has been defined above, and it clearly 
satisfies the requirements for morphisms between test-function spaces. 
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Now let a locally covariant quantum field theory be defined as a functor in 
the same manner as in Def. 2.1, but with the category TSllg in place of the category 
Sllg, and again following the convention to denote £/{'ip) by a,/, whenever "0 is any 
morphism in OJton. Moreover, let & be the covariant functor between OHan and Test 
assigning to each {M,g) G Obj(97lan) the test-function space ^{M,g) = C^{M), 
and to each morphism ^ of OHan its push-forward: ^('0) = ■0*. We regard the 
categories Test and TStlg as subcategories of the category of all topological spaces 
Top, and hence we are led to adopt the following 


2.4. Definition. 

A locally covariant quantum field ^ is a natural transformation between the 
functors ^ and si, i.e. for any object {M,g) in 97lan there exists a morphism 
■ ^{M,g) s/{M,g) in Top such that for each given morphism 

if G homOTon((.Wi 5 Si)) (^^2, 92 )) the following diagram 


'Ip* 


OL-ij} 


commutes. 


^(^ 2 , 92 ) -' ■B/{M 2 ,g 2 ) 

^(M2 ,92) 


The commutativity of the diagram means, explicitly, that 
i.e., the requirement of covariance for fields. 

Remarks. (A) This definition may of course be extended; instead of the test- 
function spaces C^{M) one may take smooth compactly supported sections of 
vector bundles, and endomorphisms of such more general test-sections spaces which 
are suitable pull-backs of vector-bundle endomorphisms. Also, one might include 
conditions on the wave-front set of the field-operators. 

(B) The notion of causality may also be introduced in the obvious manner: One 

calls a locally covariant quantum field causal if for all f,hG g) it holds that 

®(M.g)(/) and ^{M,g){h) commute. 

(C) One reason for allowing non-linear fields in the definitions of quantum fields as 
natural transformations is that it can be applied to more general objects. One would 
be the definition of a locally covariant S'-matrix, patterned after the definition of a 
the “local” ^-amtrix of Epstein and Glaser, see e.g. Q. At the perturbative level 
(in the sense of formal power series) this amounts to showing that time-ordered 
products may be defined in such a way that they become locally covariant fields. 
Indeed, in a recent paper , Hollands and Wald successfully proved the existence 
of such locally covariant, time-ordered fields. At the non-perturbative level, it 
might be possible that the constraint of local covariance together with a dynamical 
generator property (in the spirit of Sec. 4) allows it to fix the phase of the ^-matrix. 
We hope to return elsewhere to this issue. 

2.6. Free Scalar Klein-Gordon Field as a Natural Transformation. 


The present subsection serves the purpose of sketching two simple examples for lo¬ 
cally covariant quantum fields. The first example is based on the Borchers-Uhlmann 
algebra which can be associated with each manifold M. It assigns to each differ¬ 
entiable manifold M a topological *-algebra *B(M) that is constructed as follows: 
Elements in iB(M) are sequences (/„) (n G No) where /o G C and /„ G C^{M^) 
for n > 0. Addition and scalar multiplication are defined as usual for sequences 
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with values in vector spaces, and the product {fn){hn) in i8(M) is defined as the 
sequence (j„) where 

,Xn) = ^ ,Xi)hj{x^+i,... ,Xn), (xi ,... , a;„) S M” . 

The *-operation is defined via (/„)* = (/„) where fnixi,, Xn) = fnixn, ■■■ ,xi), 
the latter overlining meaning complex conjugation. The unit element is given by 
1 = (1,0, 0,...). The algebra can be equipped with a fairly natural locally convex 
topology with respect to which it is complete. See ||3^ (and also [|^, Q in 
the context of curved spacetime manifolds) for further discussion of the Borchers- 
Uhlmann algebra. 

Given an endomorphism ip G hom 3 jian((Mi, {M 2 , 02 )), one can lift it to an 
algebraic endomorphism : IB(Mi) —> *B(M 2 ) by setting 

a^dfn)) = 

where denotes the n-fold push-forward, given by {V'*"Vra)(2/i) ■ • ■ ^Vn) = 

We thus obtain a covariant functor . 2 / between IHan 
and by setting ^{M,g) = Q5(M) and s/{ip) = as just defined. A locally 
covariant quantum field d) in the sense of Def. |2.4| may then be obtained by defining 
for (M,g) e Obj(fman) and / G = C^{M), 

^{M,g){f) = ifn) 

where (/„) G ^{M,g) = 1B(M) is the sequence with fi = f and fn = 0 for all 
n 1. It is straightforward to check that this indeed satisfies all conditions for a 
natural transformation with respect to the functors ^ and s/. 


The Borchers-Uhlmann algebra, however, carries no dynamical information, which 
would have to be incorporated by passing to representations, or factorizing by 
ideals. In this spirit, we introduce as our second example the Klein-Gordon field 
as a locally covariant field. For {M,g) G Obj(9Ilan), let J{M,g) be the (closed) 
two-sided ideal in 55 (M) that is generated by all the terms 

ifn)ih„) - ihn)ifn) “ a{Ef,Eh)l 


where the (/„) and (/i„) in 55(M) are such that /i = f, hi = h, and all other 
entries in the sequences vanish; E = E(^M.g) and a = <J[M,g) are the propagator and 
symplectic form corresponding to the Klein-Gordon equation 

(5) (V'^V^-kCi? + m2)<^ = 0 

on (M, g) introduced in Subsection (Again it is assumed that the constants ^ 
and m are the same for all {M,g)). 

Then we introduce a new functor £/ between OJtan and TStIg, as follows: We 
define £/{M,g) = ^{M)/J{M,g) and, denoting by [.] : 55(M) ^ ^{M)/J{M,g) 
the quotient map, we set for ip G homOTan((-Mi,9i), {^ 2 , 92 ))^ 

.2/(V>)([(/„)])^a4[(/n)])=[(#Vn)] 


where ip^'^ is the n-fold push-forward of ip defined above. The required properties 
of this definition of to map J(Mi,gi) into J(M 2 ,g 2 ), an d a ^o^i = o a^pi, 
can be obtained by an argument similar to that in Subsection 2.3 showing that the 
defined there have the desired covariance properties. 

With respect to this new functor , we may now define the generally covariant 
Klein-Gordon field d) as a natural transformation according to Def. 2.4 through 
setting for {M,g) G Obj(M,g) and / G ^{M,g) = C^{M), 


^{M,g)[f) — [(/«)] 
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where, as above, (/n) is the element in 1B(M) with /i = / and /n = 0 for all 
n ^ 1. Again, the properties of a natural transformation are easily checked for this 
definition. 

Moreover, locally covariant quantum fields $ modelling the Klein-Gordon field 
(||) may be obtained from the functor of Subsection 2.2 describing the locally 
covariant quantum field theory of the Klein-Gordon field at (7*-algebraic level. We 
give only a rough sketch of the idea. Let be the functor associated with the Klein- 
Gordon field in Subsection 2.3. Let {M,g) G Obj(37tan), and let tt be a Hilbert- 


space representation of the C*-algebra ^{M, g) on a representation Hilbert-space 
IK. We assume that there exists a dense subspace V of IK so that, for each / G 
the field operator 




niWisEf)) 


s=0 


exists as an (essentially) self-adjoint operator on V, where E denotes the propaga¬ 
tor and W{.) the Weyl-algebra generators associated with the Klein-Gordon field 
on {M,g). (The field operators can be extended to all complex-valued testfunc- 
tions by requiring complex linearity.) The notation used here already suggests how 
one may go about in order to try to obtain a locally covariant quantum field in 
this way. Supposing a quantum field can be defined in this manner for all 

{M,g) G Obj(3Jtan) (from representations tt for each spacetime), and that, for each 
•0 G homOTnn((Af,g), (M',g')), the assignment a-^{‘^(M,g){f)) = <^(M',g'){ip*f) ex¬ 
tends to a *-algebraic endomorphism : £/{M,g) j^{M',g'), where j^{M,g) 

denotes the *-algebra formed by all the $(M,g)(/), / € C^{M), one obtains in this 
way a locally covariant quantum field as a natural transformation. 

In a similar spirit, Hollands and Wald have constructed Wick-ordered and time- 
ordered products of the free scalar Klein-Gordon field, starting from quasifree 
Hadamard representations, such that these product-fi elds are locally covariant fields 
and are natural transformations in the sense of Def. |]4 | ‘M, . We refer to these 
references for further discussion, and also to Sec. H. 


3. States, Representations, and the Principle of Local Definiteness 

3.1. Functorial Description of a State Space. 

The description of a physical system in terms of operator algebras requires also the 
concept of states so that expectation values of observables can be calculated. First, 
suppose that one is given a C^-algebra A with unit element 1 modelling the algebra 
of observables of some physical system. A state is a linear functional tu : A ^ C 
having the property of being positive, i.e. u}{A* A) > 0 VA G A, and normalized, 
i.e. w(l) = 1. Thus, given any hermitean element A G A, the number w(A) is 
interpreted as an expectation value of the observable A in the state lo. 

There is an intimate relation between states on A and Hilbert-space representa¬ 
tions of A. If TT is a linear ^-representation of A by bounded linear operators on 
some Hilbert-space IK, then each positive density matrix p with unit trace on IK in¬ 
duces a state w(A) = tr(p-7r(A)), a G A, on A. There is also a converse of that: For 
each state to on A there exists a triple (IK^j, 12^,;), consisting of a Hilbert-space 
CKcj, a linear *-representation of A by bounded linear operators on IK^^, and a 
unit vector G IK^ such that w(A) = (12^^, 7rtj(A)H,^) for all A G A. This triple 
is called the GNS-representation of oj (after Gelfand, Naimark and Segal); for its 
construction, see e.g. |^. 

Now suppose that our set of observables arises in terms of a functor describing 
a locally covariant quantum field theory. The question arises what the concept 
of a state might be in this case. The first, quite natural idea is to say that a 
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state is a family : {M,g) G Obj(S[nan)} indexed by the members in the 

object-class OJlan where each u!(M,g) is a state on the C'*-algebra ^{M, g). Usually, 
however, one is interested in states with particular properties, e.g., one would like to 
consider states fulfilling an appropriate variant of the “microlocal spectrum 

condition” ^ which can be seen as a replacement for the relativistic spectrum 
condition for quantum field theories on curved spacetime and which, for free fields, 
is equivalent to the Hadamard condition (cf. Sec. | 2 . 3 | , and ©il)- One might 
wonder if, above that, there are families of states {uj(^M.g) ■ {M,g) G Obj( 9 Jlan)} 
that are distinguished by a property which in our framework would correspond to 
“local diffeomorphism invariance”, namely. 


W(Mqg') o = W(M,g) On £/{M,g) 

for all Ip G hom5g;on((M,gf), {M',g')). However, it has been shown in that this 
invariance property cannot be realized for states of the free scalar field fulfilling 
the microlocal spectrum condition. Let us briefly sketch an argument showing that 
the above property will, in general, not be physically realistic. Let us consider two 
spacetimes (Mi,g^) and (M2,92)1 assume that (Mi,g^) is just Minkowski¬ 
spacetime. Moreover, it will be assumed that (M2,92) consists of three regions 
which are themselves globally hyperbolic sub-spacetimes of (M2,92)- “interme¬ 
diate” region L2 lying to the future of a region N2 and to the past of a region N2 ■ 
All these regions are assumed to contain Cauchy-surfaces, and it is also assumed 
that the regions N2 are isometrically diffeomorphic to globally hyperbolic subre¬ 
gions of Minkowski spacetime {Mi,gi) which likewise contain Cauchy-surfaces. 
By N2 we denote the corresponding isometric diffeomorphisms. We 

may, for the sake of concreteness, consider a free scalar field (cf. next section), 
and define the state oji on £/{Mi,gi) to be its vacuum state (which fulfillys the 
microlocal spectrum condition). Then the state = iOi o a^} induces a state 
on £/{N2 , g2 N-) and thereby, since the free field obeys the time-slice axiom, it 
induces a state a;2 on ^{M2,g2) (which again fulfills the microlocal spectrum con¬ 
dition). Now the state 0^2 restricts to a state on ^/{N^,g2 n+)- However, 
if there is non-trivial curvature in the intermediate region L2, then the state 0^2, 
which was a vacuum state on the “initial” region will no longer be a vacuum 
state on the “final” region N2 The regions N2 and N2 possess isometric 

subregions; it is no loss of generality to suppose that there is an isometric diffeo¬ 
morphism Ip : N2 —> N2 ■ Then invariance in the above sense of the family of 
states a;i,a;2,w^ demands that 

^2 ® 0^.0 — ^2 J 

but this is not the case (w^ is (the restriction of) a vacuum state, is (the 
restriction of) a non-vacuum state.) The counterexample is based on a form of 
“relative Cauchy-evolution”, which is worth being studied in greater generality, 
and this will be the topic of Section 

In view of this negative result one finds oneself confronted with the question if 
there is a more general concept of “invariance” that can be attributed to families of 
states {ijJ(^M,g) '■ {M,g) G Obj(OJlan)} for a locally covariant quantum field theory 
given by a functor £/. We will argue that there is a positive answer to that question: 
The local folia determined by states satisfying the microlocal spectrum condition 
are good candidates for minimal classes of states which are locally diffeomorphism 
covariant. To explain this, let us fix some concepts. 

Folium of a representation. Let A be a C'*-algebra and tt : A —*■ H(!K) a *- 
representation of A by bounded linear operators on a Hilbert space IH. The folium 
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of TT, denoted by is the set of all states ui' on A which can be written as 

uj'{A) =ti{p-TT{A)), AG£/{M,g). 


In other words, the folium of a representation consists of all density matrix states 
in that representation. 

Local quasi-equivalence and local normality. Let £/ he a locally covariant 
quantum field theory and let, for (M, g) fixed, w and ui be two states on £/. We 
will say that these states (or their GNS-representations, denoted by tt and tt, re¬ 
spectively) are locally quasi-equivalent if for all O G %{M,g) the relation 

( 6 ) F{tt o aM,o) = F{tt o aM,o) 


is valid, where om.o = C(lm,o ^^-d tM,o : {O, go) O) is the natural embedding 

(cf. Prop. 2.3). 

Moreover, we say that oj is locally normal to Cj (or to the corresponding GNS- 
representation tt) if 


( 7 ) 


w o aM,o G F{tt o Om.o) 


holds for all O G ‘X.{M,g). 

Intermediate factoriality. Let w be a state on £/{M,g), then we define for each 
O G X{M,g) the von Neumann algebra M,^(0) = T:^{aM,o(.'^(.M,g)))", the local 
von Neumann algebra of the region O with respect to the state uj. We say that the 
state oj fulfills the condition of intermediate factoriality if for each O G X{M,g) 
there exist Oi G %{M,g) and a factorial von Neumann algebra N acting on the 
GNS-Hilbert-space Xui of w so that 


M^{0) c Nc M^(Oi). 

(We recall that a factorial von Neumann algebra N is a von Neumann algebra so 
that N n N' contains only multiples of the unit operator.) 

It is known that quasifree states of the free scalar field on globally hyperbolic 
spacetimes which fulfill the microlocal sp ectrum condition have the property to 
be locally quasi-equivalent (cf. Subsec. |3.2| ). Thus, local quasi-equivalence may be 
expected for states satisfying the microlocal spectrum condition. More generally, 
local normality can be interpreted as ruling out the possibility of local superselection 
rules. Also intermediate factoriality is known to hold for states of the free scalar 
field fulfilling the microlocal spectrum condition on globally hyperbolic spacetimes 
(cf. again Sec. 3). The condition of intermediate factoriality serves the purpose 
of eliminating the possible difference between the folium of a representation and 
the folium of any of its (non-trivial) subrepresentations (see Appendix b)). It 
can also be motivated as the consequence of a stricter formulation, known a “split 
property”, which is expected to hold for all (also interacting) physically relevant 
quantum field theories on general grounds (cf. @ 0 I) and is in fact known to 
hold for states of the free field fulfilling the microlocal spectrum condition in flat 
and curved spacetimes and for interacting theories in low dimensions [^. 

We also note that the property of a state to fulfill the microlocal spectrum condition 
is a locally covariant property (owing to the covariant behaviour of wavefront sets of 
distributions under diffeomorphisms p^ ) and thus, for a locally covariant quantum 
field theory it is natural to assume that, if fulfills (any suitable variant 

of) the microlocal spectrum condition, then so does 0J(M',g') ° otp for any ip G 
hom 3 jton((-M, g), {M\g')). In the case where also the folia of states (i.e., the folia 
of their GNS-representations) satisfying the microlocal spectrum condition coincide 
locally, one thus obtains the invariance of local folia under local diffeomorphisms 
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for families of states satisfying the microlocal spectrum condition, more precisely, 
at the level of the GNS-representations of W(M.g) and W(M'.g')’ 

F{TT(M',g') o o OtM,o) = ° OiM,o) 


holds for all ij) G homsrr!an((-M, S'), {M',g')) and all O € 3C{M,g). All these prop¬ 
erties are known to hold for quasifree states of the free scalar field fulfilli ng the 
microlocal spectrum condition on global hyperbolic spacetimes, see Subsec. ^ for 
discussion. 

Thus one can see that local diffeomorphism invariance really occurs at the level 
of local folia of states for £/. In this light, it appears natural to give a functorial 
description of the space of states that takes this form of local diffeomorphism in¬ 
variance into account. To this end, it seems convenient to first introduce a new 
category, the category of the set of states. 

6 ts: An object S G Obj(©ts) is a set of states on a C'*-algebra A. Morphisms 
between members S' and S of Obj(©ts) are positive maps : S' ^ S. In 
the present work, 7 * arises always as the dual map of a faithful C'*-algebraic 
endomorphism 7 : A —> A' via 


7 *w'(A) = a;'(7 (A)), uj'gS', AgA. 


The category ©ts is therefore “dual” to the category 2llg. The composition 
rules for morphisms should thus be obvious. 

Now we can define a state space for a locally covariant quantum field theory in a 
functorial manner. 


3.1. Definition. 

Let £/ be a locally covariant quantum field theory. 

(i) A state space for s/ is a contravariant functor S between OJlan and ©ts; 

{M,g) iM',g') 

fi _ 

SiM,g) SiM'.g') 

where S{M,g) is a set of states on s!/{M,g) and a*^ is the dual map of a^p; the 
contravariance property is 

together with the requirement that unit morphisms are mapped to unit morphisms. 

(ii) We say that a state space S is locally quasi-equivalent if eqn. holds 
for any pair of states uj,uj G S{M,g) (with GNS-representations TT,Tr) whenever 
{M,g) and O G X{M,g). 

(Hi) A state space S is called locally normal if there exists a locally quasi¬ 
equivalent state space S so that for each to G S{M,g) there is some w G S(M,g) 
(with GNS-representation it) so that holds for all O G %(M,g). 

(iv) We say that a state space S is intermediate factorial if each state oj G 
S (M, g) fulfills the condition of intermediate factoriality. 

We list a few direct consequences of the previous definitions. 

3.2. Theorem. 

(a) Let S be a state space which is intermediate factorial. Then for all spacetimes 
(M,g), (M',g') G Obj(37tan) and all pairs of states oj G S(M,g), lo' G S(M',g') 
with GNS-representations tt, tt' there holds 

(8) F(Tr' o o om.o) = F(Tr o aM,o ), O G X{M, g ), 
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if and only if the state space is locally quasi-equivalent. 

(6) If the state space S is locally normal, then there exists a family of states 
{<V(M.g) : {M,g) e Obj(®Tan)} on s/ with the property that each aj € S(M,g) is 
locally normal to ui(M,g) ■ 

(c) If S is a locally quasi-equivalent and intermediate factorial state space, then 
one obtains a convex, locally normal state space S by defining S{M,g) as the set 
of all states which are locally normal to any state on S{M,g). 


Proof. In our proof, we will make use of the following statements: 

(a) Let A, H and 6 be C'*-algebras with C'*-algebraic endomorphisms 

and let w be a state on C. Then there holds 


F(7r„070/3)DF( 0/3) dF( 

where tt^ denotes the GNS-representation of the state ly, we will use this 
notation also below. 

(/3) Let Isf be a factorial von Neumann algebra on some Hilbert-space TC, and let 
be some N-invariant closed, non-zero subspace. Then for every density 
matrix p — where the (pi are unit vectors in TC, there exists a 

density matrix p^ — /ij|Xj)(Xil) where the Xj unit vectors in TCk, so 
that 

(9) tr(p • N) = tr(p^ • N) 
holds for all TV S N. 

These statements will be proved in the appendix. 

(a). A first immediate observation is that a'^S{M',g') C S{M,g) together with 
the condition of local quasi-equivalence imply 

(10) FiTTui'oa,^ o aM,o) = F{'k o um.o) , o G %{M, g). 

Now fix O G X{M,g). According to the assumed condition of intermediate facto- 
riality, there are a region Oi G %{M,g) and a factorial von Neumann algebra N so 
that 

M^.(V'( 0 )) cNcM„-(V'(Oi)). 

Consequently, if we choose an arbitrary state oji G F^tTu,' o o um.o), then there 
exists, according to statement (/?) above, a density matrix p^ = p.j\xj){X 3 1 with 
Xj £ Xjj = Nfl' (where fl' is the GNS-vector of lo') with the property 

wi(A) = tr(p^ • TT^/ o o aM.o(A)), A G aM.o(-2^(0,9o)) • 

Therefore, the state is in particular given by a density matrix p^ in the GNS- 
representation of uj' o aM 'so that loi extends to a state 

UJi G -^(Tr^'oaj^, • 

Owing to covariance, this in turn shows that 


G F(TTu)'oa.,i,oaM,Oi) ' 

Restricting tZJi again to wi = tUi o aM,o on j(/{0,gQ) yields 

0^1 G F{jKu )'O 0(M,o') • 

In view of statement (a) above and because of (W), we have thus shown that (^) 
holds for all O G %{M,g) if S is locally quasi-equivalent. The reverse implication, 
saying that (|^) implies that S is locally quasi-equivalent, is evident. 

(b). One may choose an arbitrary family of states 0J(M,g) £ S{M,g); since each 
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such choice of states is locally quasi-equivalent to any other, by definition each state 
in S{M,g) will be locally normal to 

(c). If S' is a state space, then it is clearly locally normal owing to the way it is 
defined. So it suffices to prove that S is a state space, and convex. 

To show that S is a state space, it is enough to demontrate that 

a;{S{M\g'))cS{M,g), 

since the contravariance property of the o^’s is inherited from the covariance prop¬ 
erty of the a^’s. Now if oj' G S{M',g'), then this means that 

Lv' o aM',0' G F{'Kcj o aM',0') 

holds for all O' G 3C(M',g'), where cD is some element in S{M',g'). Using covariance 
one deduces from this relation 

{a^uj') o aM,o = io' o a^o aM,o G F{ttcj o o aM,o) ■ 

Then part (a) of the proposition entails 

{a*^io') o aM.o G F{Tr^ o aM,o) 

for all O G X{M,g) with some u G S{M,g), showing that a'^uj' G S{M,g). 

Finally, we show that S is convex. Let uj' = Xlui -I- (1 — X)uj2 be a convex 
combination of two states oji and uj 2 in S{M, g). Then LOj o aM,o G o aM,o), 

j = 1, 2, for some state uj G S{M, g), and going back to the definition of the folium, 
this shows in fact that uj' o om.o G F{ttq o aM,o)- Thus to' G S{M,g), showing 
that S{M,g) is convex. □ 

Finally, we shall demonstrate that a locally normal and intermediate factorial 
state space induces a generally covariant realization of the principle of local definite¬ 
ness proposed by Haag, Narnhofer and Stein Q. This principle was introduced in 
the context of a net of observable algebras {■A( 0 )}( 9 g 3 c(M,g) over a fixed, globally 
hyperbolic background spacetime {M,g). The principle of local definiteness 
demands that there exists a Hilbert-space representation tt of the C*-algebra A 
generated by {A{ 0 )}o£ 3 c(M,g) so that the set of states, §, of the theory can be 
characterized as consisting of all states a; on yi that can be extended to normal 
states on the local von Neumann algebras M(0) = 7r(yi(0))", O G X{M,g). Fur¬ 
thermore, it was required in that the local von Neumann algebras M(0) are 
factors, at least for a suitable collection of regions O. Here we take the point of view 
that one should replace this condition by the (weaker) condition of intermediate fac- 
toriality with respect to the family of local von Neumann algebras {M(0)}oe3c(M,g) 
since this avoids having to specify precise geometric conditions on the regions O for 
which M(0) should be a factor. 

Adopting this point of view, we may observe the following. Let £/ he a. locally 
covariant quantum field theory with a locally normal and intermediate factorial 
state space S, and for {M,g) G Obj(9Jlan), let {A{0)}oex{M,g) be the net of 
C'*-algebras on {M,g) induced by £/ according Prop. 2.2. Let tu be any state in 
S{M,g) where 5 is a locally quasi-equivalent state space to which S is locally 
normal (cf. Def. 2.3(iii)), and denote by tt the corresponding GNS-representation. 
This representation induces a representation tt oi via defining the representa¬ 
tions TT ( A{0) as TT o a~^Q, and hence it induces the corresponding net of von 
Neumann algebras {X[{0)}oex{M,g)- It is easy to see that each state uj G S{M,g) 
extends to a normal state on M(0) owing to local normality of S; additionally 
{M(0)}oG3c(M.g) satisfies the condition of intermediate factoriality because S is 
intermediate factorial. We formulate the result of this discussion subsequently as 
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3.3. Proposition. If S is locally normal and intermediate factorial, then the set 
of states S{M,g) for {A{0)}o^jc{M,g) fulfills the principle of local definiteness, for 
each {M,g) e Obj(M,g). 

3.2. State Space of the Klein-Gordon Field Distinguished by Microlocal 
Spectrum Condition. 


For the locally covariant quantum field theory of the Klein-Gordon field, we will 
show in the present subsection that the microlocal spectrum condition selects a 
state space that is locally quasi-equivalent and intermediate factorial. 

We have to provide some explanations first. Let {M,g) G Obj(3Jtan) and let E, 
2n(lR, tj) be defined with respect to the Klein-Gordon equatation (|^ on {M,g). A 
state to on 2n(lR, a) is called quasifree if its two-point function 

wt\f,h) = dtdr\,^^^^u:{W{tEf)W{TEh)) 
exists for all f,h G and if uj is determined by according to 

w(W(F;/)) = e-“'2“'(/./). 

A quasifree state a; is a Hadamard state if its two-point function is of Hadamard 
form. This property is a constraint on the short-distance behaviour of the two- 
point function. Qualitatively, it means that is a distribution on K.) x 

C^iM,R) of the form 

(11) w^f"\f,h) = lim J (G^{x,y) + H^{x,y))f{x)h{y)dp.g{x)dp.g{y) 

where is a smooth integral kernel depending on the state w, while the singular 
part of is given as the limit of a family of integral kernels which are deter¬ 
mined by the metric g and the Klein-Gordon equation via the so-called Hadamard 
recursion relations. The leading singularity is of the type 1/(squared geodesic dis¬ 
tance from X to y). We refer to for details. The Hadamard property can be 
equivalently expressed in terms of a condition on the wavefront set WF(w 2 '^^) of 
the two-point function Q (see also Q): a; is a Hadamard state exactly if the 
pairs of covectors {x,ri) and {x',r]') which are in WF(w 2 ‘^^) are such that their 
base-points x and x' lie on a lightlike geodesic, and the co-tangent vectors g and 
—g' are co-tangent and co-parallel to that geodesic, with g future-pointing. 

This characterization of the Hadamard condition in terms of a constraint on the 
two-point function of a state is also referred to a “microlocal spectrum condition” 
because it mimicks the usual, flat space spectrum condition in the sense of microlo¬ 
cal analysis; its advantage is that it may be formulated for general quantum field 
theories, in contrast to the Hadamard condition which requires that the 2-point 
function satisfies a hyperbolic wave-equation |0, ^. We refer to the indicated ref¬ 
erences for further discussion. In the context of the present subsection, we will use 
“Hadamard condition” and “microlocal spectrum condition” synonymously. 

Now let be the locally covariant quantum field theory associated with the 
Klei-Gordon field as in Subsec. 2.3. It is important to note that, owing to the 
functorial transformation properties of wavefront sets under diffeomorphisms , 
a quasifree Hadamard state to' on £/{M',g') induces a quasifree Hadamard state 
Lo' o on s^{M,g) whenever if G }\oui^an{{AI,g),{M',g')). Furthermore, was 
shown in ||l^ that there exists a large set of quasifree Hadamard states for the 
Klein-Gordon field on every globally hyperbolic spacetime {M,g). Moreover, the 
results in show that the GNS-representations of quasifree Hadamard states are 
locally quasi-equivalent, and in it was proved that the condition of intermediate 
factoriality is fulfilled for quasifree Hadamard states. We may thus summarize these 
results in the subsequent 
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3.4. Theorem. For each {M,g) G Obj(9Jlan), define S{M,g) as the set of all 
states on £/{M,g) whose GNS-representations are locally quasiequivalent to the 
GNS-representation of any quasifree Hadamard state on £/(M, g) . This assignment 
results in a state space which is locally quasi-equivalent and intermediate factorial, 
and S{M,g) contains in particular all quasifree Hadamard states on £/{M,g). 

4. Dynamics 

4.1. Relative Cauchy-Evolution. 

For theories obeying the time-slice axiom one can define relative Cauchy-evolutions, 
as follows. Let and {M 2 ,g 2 ) be in Obj(S[)tan). We suppose that there are 

globally hyperbolic sub-regions of Mj, j = 1,2 containing Cauchy-surfaces 
of the respective spacetimes. Moreover, we assume that there are isometric (and 
orientation/time-orientation-preserving) diffeomorphisms when 

the regions are endowed with the appropriate restrictions of the metrics and g 2 , 
respectively. Henceforth, we shall suppress the diffeomorphisms in our notation 
and identify and as being equal. The isometric embeddings of into Mj 
will be denoted by They are depicted in the following diagram: 

> Ml < ■ Nfi 


N+ M2 Nfi 

By the functorial properties of a locally covariant quantum field theory , the 
previous diagram gives rise to the next: 

a + a 

£/{N+) - b > ^(Mi) < - ^ 


^{N+) 


£^{M2) 




V2 ) -^ ^ yivi‘2) ^^ ^-^'2 

where we have, for the sake of simplicity, suppressed the appearence of the spacetime 
metrics in our notation. If the theory obeys the time-slice axiom, then all the 
morphisms in this diagram are onto and invertible, and hence one obtains from it 
an automorphism (3 G homa[g(.! 2 /(Mi), .^/(Mi)) by setting 




Under certain circumstances (which may be expected to be generically fulfilled) it 
is possible to form the functional derivative of the relative Cauchy-evolution with 
respect to the metrics of the spacetimes involved in its construction. This functional 
derivative then has the meaning of an energy-momentum tensor. In fact, we will 
show below for the example of the Klein-Gordon field that the functional derivative 
of the relative Cauchy-evolution agrees with the action of the quantized energy- 
momentum tensor in representations of quasifree Hadamard states. 

In order to give these ideas a more precise shape, we introduce the following 


Geometric assumptions. 

• We consider a globally hyperbolic spacetime (M, g) where it is assumed that 
M can be covered by a single coordinate patch. 

• We pick a Cauchy-surface C in {M,g), and two open subregions N± of M 
with the properties: 

— N± C int J^(C'), 
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— {N±,gj^^) are contained in Obj(OJlan), 

— N± contain Cauchy-surfaces for (M, g). 

• Let G be a set of Lorentzian metrics on M with the following properties: 

O 

— Each g G G deviates from g only on a compact subset of the region 


= M\cl[J-(iV_) U J+(iV+)], 


— each {M,g), g G G, is a member of Obj(3Jtan), 

— G is a Cauchy-surface for {M,g), g G G, 

— li g G G, then the family {9s}sg[o,i] of metrics given by 

gs = 9 + sig-g), i>s>0, 

is also contained in G. 

— If (/) is a diffeomorphism of M which acts trivially outside of then 

is contained in G. 

It is clear from these assumptions that one may view the metrics g in G as “per¬ 
turbations” around the metric g on M(+Moreover, {N±,gj^^) are also globally 
hyperbolic submanifolds of (M, g) for each g G G. Hence there are isometric 
embeddings tjjf G hom^an{{N±,g]y^),{M,g)) for all g G G as well as isomet¬ 
ric embeddings G hom«inan((-^±,giv±)) To these embeddings one can 

associate the relative Cauchy-evolution l3g G homg[g(32/(M, g), g)) given by 

( 12 ) Pg = o o o a^l . 

Remarks. (A) One may view f3g as a “scattering morphism” describing the change 
that the propagation of a quantum field undergoes passing through the region with 
the “metric perturbation” g — g compared to the background metric g. 

(B) There is some relation between the relative Cauchy-evolution and the evolution 
of Cauchy-data from one Cauchy-surface to another which e.g. in the case of the 
scalar Klein-Gordon field is also known to lead to G*-algebraic endomorphisms 

|37| . We refer to the references for more discussion. 

(C) Hollands and Wald consider for the case of the free Klein-Gordon field 
related operators and r™*, which would correspond to the operators a^+oa~l. 

and a,,,- o a”- ■ 

Vo IPg 

As the theory si/ is locally covariant, it follows that the relative Cauchy-evolution 
is insensitive to changing g into (j)*g when 0 is a diffeomorphism of M that acts 
trivially outside of the intermediate region More precisely, one obtains: 

4.1. Proposition. Let 4> be a diffeomorphism of M that acts trivially outside of 
M(_|_ (i.e. 4>{x) = X for all x in the complement of Then 

Pg ~ P4‘*g 1 9 ^ G. 

Proof. It holds that (j) is a morphism in homOTan((Af, g), {M,(j)^g)), and hence 

^tg 
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owing to the definition of since (p acts trivially on N±. On the other hand, it 
holds that 


Pg — 






□ 


We will now make assumptions that allow us to define the functional derivative of 
/3g with respect to g G G. To this end, we assume that tt is a Hilbert-space repre¬ 
sentation of £^{M,g), and that there is a dense subspace V of the representation- 
Hilbert-space Jf and a dense *-sub-algebra "B of ^(M, g) so that, for all smooth 
curves [0,1] 9 s g,, G G with g(s=o) = 9) there holds 


ds 


{9,7riPg(B))9) 


= f b>^^{x)6g^^{x){-g{x))^^^ dx 

s—0 M 


for all 0 G V, B G IB with a suitable smooth section x b^'^{x) in TM ®TM 
(depending on 9 and B)] we have written 5g = dgg/ds\^^Q, and g is the determinant 

O 

of g in the coordinates used for M. Then we write 

(5 


( 0 , 


Sgn,.{x) 


Tri/3gB)9) =bf^’^ix)^ 


and thus the functional derivative of the relative Cauchy-evolution jdg with respect 
to the metric g, 

is defined in the representation tt for all i? G IB in the sense of quadratic forms 
on V. (As announced before, these assumptions are realized for the free sc alar 
Klein-Gordon field in representations of quasifree Hadamard states, see Sec. |4.2| 
below). The functional derivative of (3g with respect to g describes the reaction of 
the quantum system to an infinitesimal local change of the spacetime metric. As 
known in classical field theory, this is described by the energy-moment um tensor, 
and we will find this corroborated in the quantum field case by Thm O below. 
It is mentioned in that the functional derivative of with respect to g 

describes the advanced/retarded response of the quantum system upon infinitesimal 
metric changes. 

When the indicated assumptions are fulfilled, then we find that the relative 
Cauchy-evolution is divergence-free. 


4.2. Theorem. For all B G Fi, one has 

- rF^iPgiB)) = 0 , xGM, 

in the sense of quadratic forms on V where V is the covariant derivative with respect 

O 

to g. 


Proof. Let X be a smooth vector field on M which vanishes outside of and 

let 0s , s G K, be the one-parametric group of diffeomorphisms that is generated by 
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X. By Prop. O, we have /3o 


/3, 0=0 for all s, and hence one obtains that 



0 s.s 


= 0 . 


On the other hand, using the notation = {0,6TT{Pg{B))/6g^,,{x)9) and re¬ 

calling the definition of dPg/Sg^^(x), we have 




= / i 


(l>s*gn^ix){-gy^'^{x)dx 


s=0 


for all B G 'B, 0 G V. Now one can conclude that = 0 as in the case of 

classical field theory (cf. Sec. 3.3): It holds that = ^xQ^v = 

-I- where £x denotes the Lie-derivative, and hence 


0 = / b^''{x)£xgg„{x){-°gy^'^{x)dx 
Jm 

= 2 [ {Xg{b^^^X,){x) - {Xgb^^’^{x))X,{x)) {-°g)^/Hx) dx. 

JM 


The first term in the last expression is a divergence and can be converted to a surface 
integral which hence vanishes since X has compact support. As X was an arbitrary 
vectorfield supported inside one thus concludes that Xfj,b^‘'{x) = 0 for 

X G on the other hand, b^^^x) = 0 for all x outside of _) according to 

the definition of the functional derivative of the Cauchy-evolution. Thus Xgb^'^ = 0 
on M, and this completes the proof. □ 


4.2. Relative Cauchy-Evolution for the Klein-Gordon Field. 


In the present sub-section we will investigate the relation between the functional 
derivative of the relative Cauchy-evolution for the quantum Klein-Gordon field with 
respect to the spacetime metric, and the quantum field’s energy-momentum tensor. 
This will be the presented in Theorem 4.3 below. Before stating this result, we 
will discuss the form of the relative Cauchy-evolution for the generally covariant 
Klein-Gordon field in some detail. 

Let (M,g) be an object in Obj(3Jtan) and let {N,gx) be globally hyperbolic 
sub-spacetime of {M,g), so that the identical injection ln ■ X ^ M, Lxix) = a: is 
a morphism in hom«Kan((A^, Sv)) {XI,g)), where g^ is g restricted to N. Further¬ 
more, let (IR, a) denote the symplectic space of solutions of the Klein-Gordon equa¬ 
tion (|^) on {M,g), and {lRx,crx) the corresponding symplectic space of solutions 
on {N,gx)- E and Ex will denote the associated propagators, respectively. We 
have seen above that lx induces a C'*-endomorphism : 21J(lR7v, ax) 2n(lR, a) 

by 

a,j,,{Wx{<f)) = W{Txtf), tfGlRx, 


where we have denoted by Wx{ ■) the Weyl-generators of 2n(lRjv, crjv) and by IK(.) 
those of (0i,a). The map Tx assigns to each element Exf, f G Cq°{N,M.), of Bx 
the element Ef G B. 

Let us now consider the case where X contains a Gauchy-surface for {M,g). In 
this case. Dimock [Q has shown that the map Tx is surjective, i.e. Tx^x = B. 
Tx is also injective (since it is symplectic), and we want to derive the form of the 
inverse map T^^. To this end, let ip G and let E be a Cauchy-surface for {M,g) 
contained in X. There exists a pair of two other Cauchy-surfaces and E’'®* 
for (M, g) in X where lies in the timelike future and E""®* in the timelike past 
of E, hence U = int J“(E’^'^'') C J+(E’'®*) is an open neighbourhood of E whose 
closure in contained in X. Now we choose a partition of unity of M 
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SO that = 0 on J (S''®*) and x''®* = 0 on Then the properties 

^adv _|_ ^ret _ ^ (V“Va + + TO ^)(/3 = 0 imply 

(13) (V“Va + iR + m2)(x"'*V) = -(V“Va + ■ 

Since the left-hand side vanishes on J“(S''®*) and the right-hand side vanishes on 
j+(y;adv) support in J(supp/) for some compactly supported 

/, one deduces that both the left- and right-hand side expressions of ( |l^ are 
compactly supported in C/ G N. Using the properties of the propagator E, one can 
moreover show (cf. 0 ) 

£;(V“Va + ^R + m2)(x"d''/'-®*^) = ±^, 

Since U(V^V^-|-TO^-|-^i?)(x'^‘*''/''®*(/5) is contained in if(C“(A^,K)) and Ef i-^ E^f, 
/ G Cq°{N, R), is a symplectic map from (IR, a) onto (IRa, ctn) owing to the unique¬ 
ness of advanced and retarded fundamental solutions of the Klein-Gordon equation 
in globally hyperbolic spacetimes, we can see that : (IR, a) —> (IRa, cta) is given 
by 

r^i(¥>) = ±i?A(V“V, +CR + m2)(x"‘i"/''‘'*¥>). 

Now we wish to study the relative Cauchy-evolution for the scalar Klein-Gordon 
field. We assume that we are in the situation described in the previous subsection: 
We are given a globally spacetime (M, g), with subregions N± and on the 

latter of which metrics g in a set G deviate from g, where these data are subject 
to the geometric assumptions listed above. 

For the generally covariant theory of the Klein-Gordon field, we see from our 

O 

discussion above that Pg acts on the generators W[.) of the GGR-algebra of the 
Klein-Gordon field on (M, g) like 

Pg{W{ip))=W{Fg^)-, 

o 

IR is the symplectic map 

Eg = Ta_,0 O Ej^_g O TjSl^^g O 

TN±,g '■ EN±,gf EgLN±*f , / G G“(iV±,R) , 

Ta±,o : En^J ^ StA±*/, / G Co°“(iV±,K), 

TnL ■■ - -En^MxT^) , </> e , 

'^AiA :‘P-■^Ar±^(x±V), 

° ° o ° ° o 

where E,Jl,a, E]sf^,JlN^,o'N±, Eg,5{g,ag and i?A±,g)lRA±,g)CA^.g denote the 
propagators, range-spaces and symplectic forms corresponding to the Klein-Gordon 
equation on the spacetimes (M, g), (fV±,g^^), (M, g) and (M, g), respectively. The 
functions are defined relative to suitable pairs of Gauchy-surfaces 

O 

lying in N±. By Kg and K we denote the Klein-Gordon operator 

V“Va +^R + m^ 

on the spacetimes {M,g) and {M,g), respectively. Note that (up to identihcation) 

O 

EN±,g = Enj_ for all g G G according to our geometric assumptions, and thus also 


here, Fg : !R 


with 
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^^±,9 = '^N±, <^N±,g = O'N±- This entails 

(14) Fg<p = EKgX-^Egkxf‘P, 

where we have dropped the embedding identihcations cn±* from our notation. This 
relation will be the key ingredient in the proof of the next theorem. Prior to stating 
it, some further preparation is required. 

Let us select some arbitrary quasifree Hadamard state uj on £/(M, g) = 21J(lk, ct), 
the Weyl-algebra of the Klein-Gordon held on {M,g). Then we will write 

Wui{ip) = Truj{W{ip)), 

for the Weyl-operators in the GNS-representation of w; then we have 

W^{ip) = 

with suitable selfadjoint operators in the GNS-Hilbert-space depending 

linearly on yi, and 

with the GNS-vector Let the set of all vectors 0 in J-C,^ which are of the 
form 0 = Bfli^ where B is an arbitrary polynomial in the variables 

O 

as (f and p' vary over Ik. One can show that each 9 € is in the domain of all 
operators and that the wavefront sets WF(w 2 ^^) of the two-point functions 

induced by 0 G V^, 

= {0,^UEmu:iEh)9), /,hG Co“(M,R), 

are of the same shape as those of the two-point functions of Hadamard states . 
Furthermore, denoting by 

<^M) = ^c.{Ef), /GCo°°(M,R), 

the quantum field induced by $ 1 ^, one can show that there is for each pair of vectors 
9,9' G a smooth function x i—> {9, <l>^(x)0') on M so that 

{S,^u,{f)E)= [ {9,^^{x)9')f{x){-°gy/'^{x)dx 

JM 

where we recall that g{x) is the determinant of g in the coordinates used for M. 
These assertions rest on the fact that (1) is an analytic vector for all 
(2) ((/?), kFt,j((^)] = —a{p,p)Wui{p), and iterated use of this relation, (3) the 

distribution / i—> (/, h) is induced by a smooth function, and (/, h) can be 

reduced to a sum of products of such wk\f,hj) (with suitable coefficients) since 
Lo is quasifree. 

After these preparations, we obtain: 

4.3. Theorem. Under the geometric assumptions listed above, there holds 

(15) -^iPgWUp) = -kT'^’^{x),W,„{p)], G :k, x G , 

in the sense of quadratic forms on where is the generally covariant renor¬ 
malized energy-momentum tensor of the quantized Klein-Gordon field on {M,g) in 
the GNS-representation of uj, and lo is an arbitrary quasifree Hadamard state. 
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Remarks. (A) Note that the classical expression for is = --^=j^Skg 
where ^kg is the action integral of the Lagrangian density 

•C-KG = - (to^ + ^R)(p'^) . 

Here we use the convention that is defined in this way, and that = 


and not = 7 ^ 3 ^ 
the former, which we use, by a sign. 


5kg 


j. The latter expression differs from 


(B) Instead of the generally covariant renormalized energy-momentum tensor one 
may also use the energy-momentum tensor renormalized with respect to uj as refer¬ 
ence state, since the two definitions differ by a term which is a multiple of the unit 
operator and hence is cancelled by the commutator on the right hand side of dl)- 
In fact, one may even use (after point-split regularization) the “unrenormalized, 
formal expression” (cf. [Q) for the quantum energy-momentum tensor since only 
the commutator of the energy-momentum tensor appears. 


(C) Similarly one can show that 

holds in the sense of quadratic forms on for all polynomials 

j<l, kj <n 

in the field operators, with 

Pg — ■ ■ ■ ^i.^i.Pg'^j.kj) ■ 

j<&, kj <n 


Proof. We will give the proof only for the case ^ = 0 in order to simplify notation; 
however, the case of arbitrary ^ can be carried out along the same lines. For any 
smooth curve [0,1] 9 s 1 -^ G G with = g, we will write 6g = dg^/dsl^^Q, 
and Syg = for any function yg depending on g G G. 

O O 

Let 9 G V^. Since l3g{W{(p)) = W{Fgip), one finds by a general argument (cf. 
e.g. 1^) that 

S{PgW)^e = 6{W{Fgip))^0 = "-{^^{6Fgif),W^{y,)}e , G IR, 

where {A, B} = AB + BA denotes the anti-commutator. One must therefore derive 
an expression for SFgip. It holds that (cf. &) 

6Fgy, = SiEKgX^f^Egkxf^p) 

= kSKg)x^-k + Ekx^f\SEg)xfv’ ■ 

Now 5Kg is a partial differential operator whose coefficient functions are compactly 
supported within M(_|_ _) as a consequence of the geometric assumptions. Since 

n J~{N-) = 0, and suppy™* C J“(A^_), it follows that E{SKgX-^)^ = 0, 
and hence 

SFgip = Ekx^f\6Eg)kxfp. 

On the other hand, it holds that 
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and since Kx^+^ has support in J+(7V+), while X-* has support in J (-/V_), 
the hrst term on the right hand side vanishes, leaving us with 

= -Ekx^l\5Ef)kxT^- 

Then we deduce from Eg^^Kgf = f for all / G C^{M, R) that 

SE^^* = -k^\6Kg)E'^^* , 

and thus we obtain 

6Eg^ = Ekx-^y'^\5Kg)k’^^kxT^ ■ 

O 

Now we use the same support arguments as before to conclude that X-^E‘^^''6Kg = 
0 and 6KgE'^‘^''Kx+^^ = 0 , and hence it holds that 

SEgip = Ekx^l^E{5Kg)EkxT^ = 

for all (/? G IR. 

Therefore, our discussion so far shows that ( |l^ is proved as soon as we have 
shown that, given g G G, 

J{d, W^{‘P)}&){SKgip){x) {-°gy/^{x) dx 

(16) = - j{9AT^''{x),W^{g,)]9)5gg,{x){-lY/\x)dx 

O 

holds for all G 3? and all 9 G Vuj', note that 6Kg is a differential operator on 
R) containing Sg^^^. Due to the coordinate-independent nature of the in¬ 
tegrals, it is sufficient to demonstrate that (0) holds in some arbitrarily chosen 
coordinate system for M. We may thus choose coordinates so that —g{x) = 1 for 
all X. In such coordinates, one obtains 

SKg = ^gg^id^Cg^^5g^^))d^ - d^Sg^^d’^ {-g = 1 ). 

Making also use of the fact that the Sg^^ are compactly supported, and that (p is a 
solution of the Klein-Gordon equation (|^) on {M,g) (for ^ = 0), one obtains after 
partial integration in coordinates where —g = 1 , 

(17) J{9, {$u;(ai), Waj{ip)}9){dKgip){x) dx 

= - ^g^"ix){9, {d°^<S>^{x),W^iip)}9)dc,ipix) 

+ ^9^''{x)m'^{9,{<^uj{x),Wuj{g})}9)(p{x)^ Sgg^^{x)dx. 

We shall next investigate the right hand side of ©■ The commutator of Wu,{^) 
with the formal, point-split expression for the bitensor T^'^{x,x') is given by 

{9,[T^^^x,x'),W^{g^)]9) = {9,[df^^^{x)d’^^M'),WU<fm 

- ^g^P{x)Yp''{x,x'){9, [{da^^{x)Y°‘/3(x,x')d'^^^{x') - m'^^^{x)^^{x')), Wu;{(p)]9) 

where Y''a{x,x') denotes the bitensor of parallel transport of vectors in T^'M to 
TxM. In order to be able to take the limit x' x, one uses the relations 

[$^(h), W^(V?)] = and 

i[^^{x),^^{'^)]=-g}{x), hG G IR; 
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the first relation holds generally in quasifree representations of the CCR-algebra as 
a consequence of the Weyl-relations, and the second relation is easily deduced from 
the equations 

((/?)] = ia{Eh,ip) = i f dx , 

{9, = J{d, [^> 1 ^( 3 :), ^^{(p)]e)h{x){-gy/^{x) dx 

which hold for all h G 0 G Inserting these relations together with 

the identity [AB, C] = [A, C]B + A[B, C] yields for all 9 gV^ 

{9,[T>^''ix,x'),WU^)]9) 

= -{9, + df^ipix)w^iip)df^<s>^ix'))9) 

+ ^g^^{x)Yp''{9,Y°^f3{da<^^{x)W^{(f)df^(p{x') + da(p{x)W^{(f)d^<^^{x'))9) 

-^9'''’{x)Yp''m'^{9, {^^{x)Wu;{(p)(p{x') + ip{x)W^{ip)^u:ix'))9), 

where we have abbreviated Yp'^{x,x') by Yp*^, etc. In the last expressions, one can 
clearly take the limit x' ^ x without occurrence of any divergencies to obtain, upon 
observing = Sg^^, 

( 18 ) {9,[T^-'{x),wUv>)]e)SgpA^) 

= -{S, Wu;i^)}9)d''^ix)dgp^{x) 

+ ^a^''ix){9,{da<S>u{x),Wu,i(p)}9)d°ip{x)dgp^{x) 
-^a^''ix)m^{9, {$^(a:), Wu;{(p)}9)ip{x)6gp^{x). 

Comparing and one can see that the right hand side and the left hand 

side of ( |l^ agree for coordinates where —g = 1, for all ip G “dl, 9 G and all 
g G G. As this is sufficient for the validity of (H), the proof is complete. □ 


5. Wick-Polynomials 


The enlarged local algebras formed by the Wick polynomials defined in Q (with 
the extended microlocal domain defined in Q), which can be constructed in rep¬ 
resentations of quasifree Hadamard states of the free field over globally hyper¬ 
bolic spacetimes, also satisfy the condition of local covariance. However, the Wick- 
polynomials themselves are in general not locally covariant quantum fields in the 
sense of Def. |2.4 

This point has been taken up recently by Hollands and Wald |Q , and they have 
shown (among other things) that one may suitably define Wick-polynomials of the 
free scalar field which have the property to be locally covariant quantum fields 
in the sense of Def. 2.4. Here, we sketch an alternative -yet very much related- 


approach to constructing such locally covariant Wick-powers which emphasizes the 
cohomological nature of the problem. 

Let, for (M, g) G Obj(9Jlan), (^(M,g) be a quasifree Hadamard state of the Klein- 
Gordon field on {M,g), and let : -uj^m g) denote the n-th Wick-power of the 

quantized Klein-Gordon field in the GNS-representation of a; = W(m g)j 3.S defined in 
0 J- By g) we denote the unital ^-algebra formed by all these Wick-powers. 

When u)' = is another quasifree Hadamard state, then one can show (cf. Q ) 

that there is a ^-isomorphism a : W^iM.g) 'W^'{M,g'), so up to isomorphisms, 
g) is independent of the chosen quasifree Hadamard state. Now, to illustrate 
that the Wick-powers defined with respect to a reference Hadamard state are not 
locally covariant, and how they may be re-defined to become locally covariant in 
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terms of the solution of a cohomological problem, we will consider in the following 
the case of the Wick-square. 

In order that the family {: Wick-squares, dehned with respect to a 

family \ of quasifree Hadamard states, be a locally covariant quantum field, 

it is required that there is for any ip £ homgrjion((.M, g), {M' , g')) a unital ^-algebraic 
morphism 7 ^ : W^{M,g) W^{M',g') so that 

But actually it holds that 




where we have indicated distributions by their variable entries (x), and is an 
appropriate extension of the C'*-algebraic morphism associated with the Klein- 
Gordon held’s functor £/. Thus, the difference term on the left hand side will have 
to vanish in order that {: < 1 )^ } be a locally covariant field. As we have already 

indicated in Sec. 3.1, this will not hold in general (see also ^ 


Let us indicate how this problem may be solved. If w = uj^^M'.nn and uj' = w', 


!)• 

g/)aiiuiw 

are two quasifree Hadamard states over the spacetime {M',g'), then there is a 
smooth function on M' so that : '.ui {x')— : '.ui' {x') = Bui,ui'{x'). These 

functions satisfy the covariance condition 


Bgjoa^ oa^ix') — ('0(x)) , X £ Af , 

for Ip £ homsrr;an((AI, g), (M',g')), and moreover, they fulfill a cocycle condition 


B^^^' B^> B^n (jj — 0 . 

The aim is now to trivialize this cocycle while preserving its covariance properties. 
In other words, we are seeking to associate with each quasifree Hadamard state 
u = uj(M',g') over {M',g') a smooth function £ C°°{M') so that the 

resulting family of smooth functions transforms covariantly, i.e. 

fujo&^ix) =f^{'ip{x)), i/i £ homOTan((M,g),(M',g')): 
and trivializes the cocycle, i.e. 

Bu;,uj'ix') = f^{x') - fuj>{x'), x'£ M', 

for u! = uj(^M',g'), xi' = g,-^ any pair of quasifree Hadamard states over {M,g). 

Hence we would obtain a locally covariant Wick-square by setting 

•‘J’ ■{ M , g ){ x )—-^ ■‘^(M,g) (^) ~ /‘^(M.g) (^) 

for arbitrary choice a of quasifree Hadamard state ijJ(^M,g) over {M,g). 

It is not too difficult to find the solution to this cohomological problem. Recalling 
the definition of the Hadamard form by Kay and Wald [M, one finds that the 
diagonal values of the smooth, non-geometrical term (cf. (|ll|)) of the two-point 
function of a quasifree Hadamard state to have the required properties, i.e. a solution 
of the cohomological problem is provided by defining 

fcjix) = H^{x,x), xGM, 

for all quasifree Hadamard states uj = i^(M,g) over {M,g). Actually, Hui(x^y) is 
defined off the diagonal x = y only up to a C'°°-function owing to the fact that 
the geometrical terms Ge are affected by the like ambiguity. However, one can 
show that this ambiguity vanishes for y ^ x and that, consequently, Huj{x,x) is 
well-defined, see the discussion in Sec. 5.2 of 

Higher order Wick-powers which are also locally covariant may then by obtained 
by differentiating the generating functional 

• e ■{M,g)— ^ • e -UJ 
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with respect to the real parameter A, where aj = uj(M,g) is any quasifree Hadamard 
state over (M, g). 

Finally we remark that we have only considered Wick-powers without derivatives. 
A discussion of Wick-powers with derivatives is contained in a recent work by 
Moretti |3^. 


Acknowledgments. We would like to thank Stefan Hollands, Bernard Kay and 
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6. Appendix 

a) Proof of statement (a) in the proof of Thm. \3.^ 

It is clearly sufficient to prove that ^( 71 ^ 0 / 3 ) C F{'k^^ o f3) for all states w on a 
C^-algebra IB and all C'*-algebraic endomorphisms /3 : A —> where A is another 
C^-algebra. Consider the GNS-representation tt^;, of 'B corresponding to 
the state u. Define a new Hilbert-space as the closed subspace of IKcj which 
is spanned by T:uj{ci{A))Vl^. Then we may clearly identify the GNS-representation 
(Iffajoa, TT^oa, Alojoa) of A induced by the state uj o a with {tK°',Tr^ o a, since 
this triple has all the properties of the GNS-triple corresponding to u; o a, and the 
GNS-triple is unique (up to unitary identifications). Hence, if u' G i^(7r^oa), then 
there is a density matrix p' = h‘j\4>j){4>j\ with unit vectors fij G such that 

uj'{A) = tr(p'7r(j o Q!(A)) 

holds for all Ag A. This density matrix is then also a density matrix on D TC“, 
and owing to the just displayed equality, then also w' G F{tTc^ o a) according to the 
definition of the folium of a representation. 


b) Proof of statement (/3) in the proof of Thm. S.i 


We quote the following result which is proved as Prop. 5.3.5 in Let B be a 
C*-algebra and tt a representation of B on some Hilbert-space BC; moreover, let 
TC' be a closed subspace of IH which is left invariant by 7r(B) and non-zero, and 
define the subrepresentation Tr'{B) = tt{B) \ BC', H G B, of tt on BC'. Then tt is 
quasi-equivalent to tt' if the von Neumann algebra 7r(B)" is a factor. 

We apply this to prove statement (/3) as follows: Let tt the identical represen¬ 
tation of the factor N on the Hilbert-space BC, and let tt' the subrepresentation 
relative to BC' = BCn. According to the quoted result, F{7r) = F{'k'). And this 
just says that for each density matrix p on BC there exists a density matrix p^ on 
BCjt = BC' so that 


tr(p • N) = tr(p • tt{N)) = tr(p^ • 7r'(iV)) = tr(p^ • N) 


holds for all N G Ti. 
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